
Probability Distributions

1 Univariate discrete distributions

Distribution Probability mass function Mean, variances

Uniform f(x|N) = 1
N+1

, E(X) = N
2

U(N) x = 0, 1, 2, . . . , N. V ar[X] = N(N+2)
12

Poisson f(x|λ) = λxe−λ

x!
, E(X) = λ

POI(λ) x = 0, 1, . . . . λ > 0. V ar(X) = λ

Multinomial f(x|n, p1, . . . , pk) E(Xi) = npi
MN (n, = n!

x1!···xk!
px1
1 · · · pxk

k , V ar(Xi) = npiqi
p1, . . . , pk) xi = 0, 1, . . . , n. Cov(Xi, Xj) = −npipj

0 ≤ pi ≤ 1.
∑k

i=1 pi = 1. qi = 1− pi
Binomial f(x|n, p) =

(
n
p

)
pxqn−x, E(X) = np

BN (n, p) q = 1− p, x = 0, 1, . . . , n. V ar(X) = npq

(= MN (n, p, q)) 0 ≤ p ≤ 1.

Bernoulli f(x|p) = pxq1−x, E(X) = p

BR(p) q = 1− p, x = 0, 1. V ar(X) = pq

(= BN (1, p)) 0 ≤ p ≤ 1.

Negative Binomial f(x|r, p) =
(
r+x−1

x

)
prqx, E(X) = rq

p

NB(r, p) q = 1− p, x = 0, 1, . . . . V ar(X) = rq
p2

0 ≤ p ≤ 1.

Geometric f(x|p) = pqx, E(X) = q
p

GEO(p) q = 1− p, x = 0, 1, . . . . V ar(X) = q
p2

(= NB(1, p)) 0 ≤ p ≤ 1.

Hypergeometric f(x|n,m, k) =
(mx)(

n−m
k−x )

(nk)
, E(X) = km

n

HG(n,m, k) max(0,m− n+ k) ≤ x V ar(X)

≤ min(m, k). n,m, k ≥ 0. = km(n−m)(n−k)
n2(n−1)

1



2 Univariate continuous distributions

Distribution Probability density function Mean, variances

Uniform f(x|a, b) = 1
b−a

, E(X) = a+b
2

U(a, b) −∞ < a < x < b < ∞. V ar(X) = (b−a)2

12

Normal f(x|µ, σ2) E(X) = µ

N (µ, σ2) = (2πσ2)−
1
2 exp− (x−µ)2

2σ2 , V ar(X) = σ2

−∞ < µ, x < ∞. σ > 0.

Gamma f(x|α, β) E(X) = α
β

G(α, β) = βα

Γ(α)
xα−1 exp(−βx), V ar(X) = α

β2

x, α, β > 0.

Exponential f(x|β) = β exp(−βx), E(X) = 1
β

EX (β) 0 ≤ x < ∞. β > 0. V ar(X) = 1
β2

(= G(1, β))
Chisquare f(x|ν) = 2−ν/2Γ(ν

2
)−1 E(X) = ν

χ2(ν) ×xν/2−1 exp(−x
2
), V ar(X) = 2ν

(= G
(
ν
2
, 1
2

)
) x, ν > 0.

Inverted Gamma f(x|α, β) E(X) =

IG(α, β) = βα

Γ(α)
x−(α+1) exp (−βx−1) , β

α−1
, (α > 1)

(= G(α, β)−1) x, α, β > 0. V ar(X) =
β2

(α−1)2(α−2)
, (α > 2)

Inverted chisquare f(x|ν) = 2−ν/2Γ(ν
2
)−1 E(X) =

Inv-χ2(ν) ×x−( ν
2
+1) exp

(
− 1

2x

)
, 1

ν−2
, (ν > 2)

(= χ2(ν)−1) x, ν > 0. V ar(X) =
2

(ν−2)2(ν−4)
, (ν > 4)

Scaled inverted chisquare f(x|ν, s2) =
(

νs2

2

)−ν/2

Γ(ν
2
)−1 E(X) =

×x−( ν
2
+1) exp

(
−νs2

2x

)
, νs2

ν−2
, (ν > 2)

Inv-χ2(ν, s2) x, ν > 0. V ar(X) =

(= IG(ν
2
, νs

2

2
)) 2ν2s4

(ν−2)2(ν−4)
, (ν > 4)
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Distribution Probability density function Mean, variances

t f(x|ν, µ, σ2) = Γ
(
ν+1
2

)
E(X) = µ

Tν(µ, σ
2) ×Γ

(
ν
2

)−1
Γ
(
1
2

)−1
(νσ2)−

1
2 (ν > 1)

×
{
1 + 1

ν
(x−µ)2

σ2

}− ν+1
2

, V ar(X) = ν
ν−2

σ2

−∞ < µ, x < ∞. ν, σ2 > 0. (ν > 2)

Cauchy f(x|θ, σ) E(X) = does not exist

C(µ, σ2) = (πσ)−1
{
1 + (x−µ)2

σ2

}−1

, V ar(X) = does not exist

(= T1(µ, σ
2)) −∞ < x, µ < ∞. σ2 > 0.

Beta f(x|α, β) E(X) = α
α+β

BE(α, β) = Γ(α+β)
Γ(α)Γ(β)

xα−1(1− x)β−1, V ar(X)

0 < x < 1. α, β > 0. = αβ
(α+β)2(α+β+1)

F 分布 f(x|ν1, ν2) E(X) = ν2
ν2−2

F(ν1, ν2) =
Γ( ν1+ν2

2 )
Γ( ν1

2 )Γ(
ν2
2 )

(
ν1
ν2

)ν1/2

(ν2 > 2)

×x
ν1−2

2

(
1 + ν1

ν2
x
)− ν1+ν2

2
, V ar(X) =

2ν22
(ν2−2)2

x, ν1, ν2 > 0. × (ν1+ν2−2)
ν1(ν2−4)

, (ν2 > 4)

Pareto f(x|α, β) = αβαx−(α+1), E(X) = αβ
α−1

, α > 1

PA(α, β) x > β. α, β > 0. V ar(X) =
αβ2

(α−1)2(α−2)
, α > 2

Lognormal f(x|(µ, σ) = (2πσ2)−
1
2 E(X) = exp

(
µ+ σ2

2

)
LN (µ, σ2) ×x−1 exp− (log(x)−µ)2

2σ2 , V ar(X)

(= lnN (µ, σ2)) −∞ < µ < ∞. x, σ2 > 0. = exp(2µ+ σ2)

×{exp(σ2)− 1}
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3 Multivariate continuous distributions

Distribution Probability density function Mean, variances

Multivariate normal f(x|µ,Σ) = (2π)−k/2|Σ|−1/2 E(Xi) = µi

N (µ,Σ) × exp−1
2
(x− µ)′Σ−1(x− µ), V ar(Xi) = σii

x = (x1, . . . , xk)
′, Cov(Xi, Xj) = σij

−∞ < xi, µi < ∞.

Σ = {σij} : positive definite

Multivariate t f(x|µ,Σ, ν) = Γ(ν+k
2
)Γ(ν

2
)−1 E(Xi) = µi

Tν(µ,Σ) ×(πν)−
k
2 |Σ|− 1

2{1+ (ν > 1)
1
ν
(x− µ)′Σ−1(x− µ)

}− ν+k
2 , V ar(Xi) =

ν
ν−2

σii

x = (x1, . . . , xk)
′, Cov(Xi, Xj)

−∞ < xi, µi < ∞. ν > 0. = ν
ν−2

σij

Σ = {σij} :positive definite (ν > 2)

Dirichlet f(x|α1, . . . , αk) = E(Xi) =
αi

α0

D(α1, . . . , αk)
Γ(α0)

Γ(α1)···Γ(αk)
xα1−1
1 · · ·xαk−1

k , V ar(Xi)

0 ≤ xi ≤ 1.
∑k

i=1 xi = 1. = αi(α0−αi)

α2
0(α0+1)

αi > 0. α0 =
∑k

i=1 αj. Cov(Xi, Xj)

= − αiαj

α2
0(α0+1)

Wishart f(X|α,Σ) = Γk(α)
−1|Σ|−α

2 E(Xij) = ασij

×|X|
α−(k+1)

2 exp− tr (Σ−1X)
2

, V ar(Xij)

W(α,Σ) X,Σ: k × k positive definite = α(σiiσjj + σ2
ij)

Γk(α) = 2
αk
2 π

k(k−1)
4 Cov(Xij, Xkl)

×
∏k

i=1 Γ(
α+1−i

2
), α > k − 1. = α(σikσjl + σilσjk)

Inverse Wishart f(X|α,Σ) = Γk(α)
−1|Σ|−α

2 E(Xij) =
σij

α−k−1

×|X|−α+k+1
2 exp− tr (Σ−1X−1)

2
, (α > k + 1)

IW(α,Σ) X,Σ: k × k positive definite V ar(Xij): omitted

(= W(α,Σ)−1) Γk(α):same as above Cov(Xij, Xkl): omitted

Σ−1 = {σij}.
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